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We investigate single-electron transport through quantum dots with negative charging energy
induced by a polaronic energy shift. For weak dot-lead tunnel couplings, we demonstrate a bipo-
laronic blockade effect at low biases which suppresses the oscillating linear conductance, while the
conductance resonances under large biases are enhanced. Novel conductance plateau develops when
the coupling asymmetry is introduced, with its height and width tuned by the coupling strength and
external magnetic field. It is further shown that the amplitude ratio of magnetic-split conductance
peaks changes from 3 to 1 for increasing coupling asymmetry. Though we demonstrate all these
transport phenomena in the low-order single-electron tunneling regime, they are already strikingly
different from the usual Coulomb blockade physics and are easy to observe experimentally.
PACS numbers: 73.63.-b, 73.63.Kv, 71.38.-k, 73.23.Hk
I. INTRODUCTION
At low temperatures, various nanostructures weakly
coupled to external electrodes exhibit the Coulomb block-
ade of single-electron (SE) tunneling. This phenomenon
has already become a classic hallmark of electronic trans-
port through quantum dots (QDs) fabricated in semicon-
ductor heterostructures [1], nanowires [2], carbon nan-
otubes [3], and even defined in single molecules or atoms
[4]. Generally, SE tunneling occurs when the QD chemi-
cal potential, tuned by a gate voltage, is aligned with the
transport window opening up between the Fermi ener-
gies of the source and drain. Otherwise, the transport is
Coulomb blockaded. This gives rise to diamond-shaped
blockade regions surrounded by regions of SE tunneling
in the differential conductance map as a function of the
gate and the source-drain voltage. For vanishing source-
drain voltages, the linear conductance features periodic
Coulomb peaks as the gate voltage is varied. These
peaks are approximatively spaced by the charging energy
for adding an electron to the QD. Due to the Coulomb
repulsion of electrons, the charging energy is positive,
representing a key parameter for the Coulomb blockade
physics in the SE tunneling regime [5]. An interesting
question then arises: What will the scenario of SE tun-
neling be if the charging energy becomes negative?
Indeed, the possibility for inverting the sign of the
charging energy has been offered by experiments on
single-molecular junctions [6] and suspended carbon nan-
otubes [7], where the QDs are characterized by a Hol-
stein coupling to quantized vibrational degrees of free-
dom. For sufficiently strong Holstein coupling, the in-
duced polaronic shift can overcome the Coulomb repul-
sion, resulting in a bipolaronic attraction between elec-
trons and thus a negative effective charging energy for
the QD. This possibility has spurred some theories ex-
ploring the manifestation of negative charging energy in
transport, which mainly concern the charge Kondo effect
[8], pair tunneling [9–11], and cotunneling [10]. However,
these high-order transport behaviors are fragile, requiring
harsh experimental conditions. For example, the charge
Kondo effect only occurs at the particle-hole symmetric
point with an extremely small energy scale. Any devia-
tion from the symmetric point will suppress the Kondo
correlations. The pair tunneling is usually subject to the
exponential Franck-Condon suppression and is difficult
to observe from a broad background of other tunneling
contributions. It is hence highly desirable to identify
transport phenomena characteristic for negative charg-
ing energy in the lower-order SE tunneling regime that
is easy to access experimentally.
In this paper, we demonstrate, as a counterpart to the
conventional Coulomb blockade physics, a blockade effect
of the low-order SE tunneling due to the bipolaronic at-
traction, which brings about strikingly distinct transport
spectroscopy. For weak dot-lead tunnel couplings, while
the conductance resonances at large biases are enhanced,
the conductance at low biases, especially the oscillating
linear conductance, are suppressed. Further asymmetri-
cally tuning the coupling can merge certain enhanced and
suppressed conductance peaks into a finite plateau. Its
height and width are dependent on the coupling strength
and external magnetic field. We also find that the mag-
netic field splits conductance resonances into two peaks
with a novel amplitude ratio of 3 for symmetric couplings
and identical amplitude in the asymmetry limit. These
phenomena are explained by the unusual behavior of elec-
tron occupation on the dot along with the energy reso-
nance conditions for SE tunneling.
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2II. MODEL HAMILTONIAN AND
FORMULATION
We start from modeling the QD with one localized or-
bital [12] coupled to a vibrational mode as well as to the
left (L) and right (R) leads by the Anderson-Holstein
Hamiltonian, which reads
H =
∑
σ
εσdˆ
†
σdˆσ + Ucdˆ
†
↑dˆ↑dˆ
†
↓dˆ↓ + εpbˆ
†bˆ+Mnˆ(bˆ† + bˆ)
+
∑
k,σ,α
εkCˆ
†
kσαCˆkσα +
∑
k,σ,α
(
VαCˆ
†
kσαdˆσ + H.c.
)
, (1)
where dˆ†σ (Cˆ
†
kσα) creates an electron with spin σ =↑, ↓ and
energy εσ (εk) in the QD orbital (in the α lead, α = L,R),
and Uc denotes the on-site Coulomb repulsion. Me-
chanical vibrations with frequency εp are excited by the
phonon operator bˆ†, which couple to the total dot charge
nˆ =
∑
σ dˆ
†
σdˆσ through a Holstein coupling strength M .
Finally, electronic tunneling between the dot and leads
is accounted for by tunneling matrix elements Vα in the
last term. We then apply a polaronic transformation
[13] H → H˜ = eSHe−S , with S = (M/εp)nˆ(bˆ† − bˆ),
to eliminate the electron-phonon coupling. As a result,
the orbital energy gets renormalized εσ → εσ −M2/εp,
which is canceled by redefining εσ. Due to the polaronic
shift Uc → U = Uc − 2M2/εp, the Coulomb repulsion
can be renormalized downward to a bipolaronic attrac-
tion, realizing the scenario of negative charging energy.
The transformation also leads to dressed tunneling ma-
trix elements Vα → Vαe(M/εp)(bˆ−bˆ†). For temperatures
and biases lower than the phonon frequency, vibrational
excitations are energetically not allowed. In this regime,
after averaging over the zero-phonon state and redefining
the dressed tunneling matrix elements as Vα, the effective
Hamiltonian H˜ becomes the standard Anderson form
H˜ =
∑
σ
εσdˆ
†
σdˆσ + Udˆ
†
↑dˆ↑dˆ
†
↓dˆ↓ +
∑
k,σ,α
εkCˆ
†
kσαCˆkσα
+
∑
k,σ,α
(
VαCˆ
†
kσαdˆσ + H.c.
)
, (2)
but with the negative bipolaronic interaction U . Below
we address the transport properties of QDs described by
this Hamiltonian.
Within the Keldysh formalism [14], the electronic cur-
rent through our system in the wide-band limit is I =
4e
h
ΓLΓR
Γ
∫
dε [fR(ε)−fL(ε)]
∑
σ ImG
r
σ(ε), which expresses
the current as an integral of the elastic transmission prob-
ability over the conduction band weighted by the differ-
ence of the Fermi functions fα(ε) in the two leads. The
transmission probability is constructed in terms of the
dot retarded Green function Grσ(ε) ≡ 〈〈dˆ†σ; dˆσ〉〉, and the
dot level broadening due to tunnel coupling to the leads,
Γ =
∑
α Γα with Γα = pi
∑
k |Vα|2δ(µα − εk) calculated
at the lead Fermi energy µα.
To determine the Green function Grσ(ε), we employ
the equation-of-motion (EOM) approach [5, 14–18]. The
EOM for Grσ(ε) gives rise to higher-order Green func-
tions, whose EOMs generate in turn more higher-order
ones. Provided that proper decoupling procedures have
been used to truncate this hierarchy, the approach can
work in all parameter regimes. For our purpose, we ne-
glect those higher-order Green functions which involve
the spin-exchange scattering and simultaneous creation
or annihilation of two electrons in the QD orbital, thereby
excluding the contributions from the Kondo effect, pair
tunneling and cotunneling [18]. By this scheme, we de-
rive the dot Green function as
Grσ(ε) =
1− nσ¯
ε− εσ + iΓ +
nσ¯
ε− εσ − U + iΓ , (3)
where the occupation number nσ ≡ 〈dˆ†σdˆσ〉 should be
calculated from the nonequilibrium lesser Green function
for the dot, nσ = −(i/2pi)
∫
dεG<σ (ε). Applying the for-
mal Keldysh Green function technique [14] to our sys-
tem, the lesser Green function is related to the retarded
one through G<σ (ε) = −(2i/Γ)
∑
α Γαfα(ε)ImG
r
σ(ε). We
can thus self-consistently calculate nσ and G
r
σ(ε), from
which the current I or differential conductance dI/dV
can be obtained. Equation (3) shows that in the SE
resonant tunneling regime, the QD has two resonances
with width Γ: one at εσ weighted by 1 − nσ¯, and one
at εσ + U weighted by nσ¯. A similar solution for G
r
σ(ε)
at positive U was previously derived for explaining the
periodic conductance oscillations [5] and charging effects
[15] in QDs. Here, we employ Eq. (3) to demonstrate the
bipolaronic blockade effect due to the bipolaronic attrac-
tion between electrons, as a counterpart to the Coulomb
blockade physics from the Coulomb repulsion. Despite
its simplicity, the involved transport phenomena are un-
expected and even surprising.
III. RESULTS AND DISCUSSIONS
In the numerical results presented below, the half
bandwidth D = 10 is taken as the energy unit. We ap-
ply a symmetric source-drain voltage V on the two leads
whose Fermi energies are µα = µ+ (δαL − δαR)V/2 with
µ = 0 the equilibrium Fermi energy. The dot level εσ is
written as εσ = εd + (δσ↑− δσ↓)B in which εd is the part
tuned by the gate voltage and B is the applied magnetic
field. We introduce x ≡ ΓL/ΓR to measure the left-right
asymmetry of coupling and y ≡ 4x/(1 + x)2 as a dimen-
sionless measure of conductance in the asymmetric case.
The temperature T = 10−8D is set as the smallest en-
ergy scale in this work, though it should be higher than
the underlying Kondo scale.
We first give, in Fig. 1, the dot spectral density A(ε) =
− 1pi
∑
σ ImG
r
σ(ε) and the occupation n =
∑
σ nσ in the
equilibrium case for vanishing magnetic field. As the
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FIG. 1: (a)-(c) Local spectral densities A(ε) as a function of
energy ε for different positions of the dot level εd. (d) Dot
occupation number n and spectral density at the Fermi energy
A(0) as a function of the dot level εd. Results for positive
U are also presented for comparison. Parameters used are
V = 0, Γ = 10−3D, and B = 0.
dot level εd is tuned downward across the Fermi en-
ergy, the spectral weight of the U < 0 dot shifts to
the low-energy side of the Fermi energy more rapidly
than that of U > 0 [Figs. 1(a)-1(c)], thereby leading to
a rapid increase of the occupation [Fig. 1(d)]. Partic-
ularly, the occupation governed by the bipolaronic at-
traction increases linearly with εd near the particle-hole
symmetric point, where the Coulomb repulsion induces
the usual plateau. To give a quantitative account for
this difference, we calculate the occupation n to first
order in the deviation from the particle-hole symmetric
point δεd = εd + U/2, which is, in the limit T/Γ → 0,
n = 1 − 8Γ(U2 + 4Γ2)−1[pi + 2 arctan( U2Γ )]−1δεd. For
Γ  |U |, the attraction results in n = 1 − 2|U |δεd and
the repulsion gives n = 1. Fig. 1(d) also indicates that
the bipolaronic attraction significantly suppresses the dot
spectral density at the Fermi energy as compared with
the Coulomb repulsion. These unusual local properties
of the U < 0 dot can bring about very striking transport
behavior when the source-drain voltage is applied.
Figure 2(a) presents the conductance map subject to
the bipolaronic attraction for symmetric couplings and
zero magnetic field, where the conductance lines appear
at the thresholds V and εd that switch the system be-
tween the configurations of two (L-2), one (L-1), and zero
(L-0) QD level(s) in the transport window. A striking
feature distinct from the usual Coulomb-blockade spec-
troscopy [1–5] is that the conductance lines under low
biases |V | < |U | is now suppressed. This bipolaronic
blockade effect becomes more prominent for weak dot-
lead coupling Γ [Figs. 2(b)-2(f)]. Particularly, in the limit
Γ |U | the linear conductance is completely suppressed
[Fig. 2(b)], eliminating the usual periodic Coulomb oscil-
lations at εd = 0 and |U |. Note that the conductance
lines at |V | < |U | represent the transitions between the
L-0 and L-1 configurations. While SE tunneling is obvi-
ously not allowed in the L-0 configuration since there has
FIG. 2: (a) Differential conductance map as a function of
the dot level εd and source-drain bias V for symmetric cou-
pling Γ = 0.1|U |. (b) Linear conductance for different Γ.
(c)-(f) Conductance cut at several εd for different Γ. (g)-(i)
Schematic diagrams of one dot level in the transport window
suppressing SE tunnelings [(g) and (h)] and two dot levels in
the transport window allowing the tunneling (i), where the
solid and hollow circles represent electrons and holes, respec-
tively. Parameters used are U = −0.1, x = 1, and B = 0.
no QD levels in the transport window, the tunneling is
also suppressed in the L-1 configuration where the neg-
ative U favors an empty [Fig. 2(g)] or doubly-occupied
[Fig. 2(h)] QD with very small spectral weight left in
the transport window. Therefore, no significant current
change occurs between the two configurations, leading to
the suppressed conductance at low biases. On the other
hand, the L-2 configuration always allows two indepen-
dent SE tunnelings [Fig. 2(i)] giving the maximal current
I0 ≡ yeΓ/~. As a result, the conductance lines for large
biases |V | > |U |, representing the transitions between the
L-1 and L-2 configurations, are thus enhanced.
When asymmetric coupling is introduced, as shown in
Fig. 3(a) for x > 1, the conductance lines enclosing the
L-1 regions with positive (or negative if x < 1) slope
merge into finite plateaus. The plateau becomes con-
crete for increasing the asymmetry [Fig. 3(b)] and is ele-
vated by strengthening the dot-lead coupling [Fig. 3(c)].
Its height in the middle is estimated to be (piΓ/|U |)ye2/h
in the asymmetric limit. To explain the formation of the
plateau, let us consider a given electronic state εd = |U |.
As the source-drain bias rises positively, the occupation
4FIG. 3: (a) Conductance map for asymmetric coupling Γ =
0.1|U |, x = 20. (b) and (c) Conductance vs V for different x
with Γ = 0.1|U | and different Γ with x = 500, respectively.
(d) Occupation number vs V for different x with Γ = 0.1|U |.
(e) and (f) Schematic diagrams for the shift of QD spectral
weight in the asymmetric limit when V increases positively
(e) and negatively (f), where the blue (orange) lines corre-
sponds to the spectral densities at equilibrium (at indicated
V ). Parameters: εd = |U | for (b)-(f), U = −0.1, B = 0.
number n increases linearly for x  1 [Fig. 3(d)], since
in this limit n is only determined by the left lead and
is equivalent to the equilibrium one [Fig. 1(d)]. Accord-
ingly, the QD spectral weight shifts linearly from the level
εd to the level εd+U which lies in the transport windows
[Fig. 3(e)] giving rise to a linear increase of the current.
Therefore, the conductance is constant until the Fermi
level of the left lead µL sweeps over the level εd satu-
rating the current. On the other hand, as the bias rises
negatively, the QD spectral density in the transport win-
dow and hence the current keep to be nearly zero until
µR sweeps over the level εd [Fig. 3(f)], which leads to the
conductance peak at V = −2|U | [see Figs. 3(a)-3(c)].
We now turn to examine the effect of magnetic field,
which splits the conductance peaks and narrows the
plateaus [Figs. 4(a)-4(c)]. While the narrowing of the
plateaus is quite straightforward by just noting that at
fixed εd and x  1 the plateau starts and ends when
µL crosses the levels ε↑ + U and ε↓, the feature of split
conductance peaks deserves a careful analysis. For sym-
metric couplings, the amplitudes of split peaks are dif-
ferent, reaching a ratio of 3 in the weak coupling limit
[Fig. 4(d)]. This is different from the Coulomb Block-
ade physics where the corresponding ratio is 2 [19]. The
FIG. 4: Conductance map under magnetic field B = 0.15|U |
for (a) symmetric coupling x = 1 and (b) asymmetric cou-
pling x = 20. (c) Lines cut from (b) at εd = |U | for different
magnetic fields and x = 500. (d) Amplitude ratio of magnetic-
split conductance peaks as a function of the coupling asymme-
try. In (a) and (b), the squares, circles, and triangles denote
three representative biases at εd = |U |. Other parameters:
Γ = 0.1|U | for (a)-(c) and U = −0.1.
underlying mechanism can be revealed by analyzing the
energy-level diagrams of Fig. 5 at εd = |U | and charac-
teristic biases marked by squares, circles, and triangles
in Figs 4(a) and 4(b). Note that at finite magnetic field
the spectral weight of the four QD levels ε↑, ε↓, ε↑ + U ,
and ε↓ + U are proportional to the occupation 1 − n↓,
1 − n↑, n↓, and n↑, respectively, as shown by Eq. (3).
Since nσ ' 0 for the negative bias at the square point
[Fig. 5(a)], no significant spectral density is enclosed in
the transport window giving I ' 0. As the bias further
decreases to the circle point [Fig. 5(b)], one has n↑ ' 0.25
and n↓ ' 0.5. This produces a current I = 0.75I0, in
which the portion 0.5I0 is the contribution from the two
spin-down levels ε↓ and ε↓+U , and 0.25I0 from the spin-
up level ε↑+U . The current finally saturates to I0 under
the bias at the triangle point where the total QD spectral
density contributes [Fig. 5(c)]. Therefore, two conduc-
tance peaks with the amplitude ratio of 3 appear as µR
successively sweeps over the Zeeman-split levels ε↓ and
ε↑. Similar analysis can indicate that the ratio turns to 1
in the asymmetric limit [Fig. 4(d)]. In this case, the oc-
cupation is only determined by the stronger coupled lead
and one always have nσ ' 0, which results in the current
I ' 0 [Fig. 5(d)], 0.5I0 [Fig. 5(e)], and I0 [Fig. 5(f)] at the
three characteristic biases, respectively.
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FIG. 5: Energy-level diagrams for symmetric x = 1 [(a)-(c)]
and asymmetric x  1 [(d)-(f)] couplings with finite mag-
netic field, under the source-drain biases corresponding to the
squares [(a) and (d)], circles [(b) and (e)], and triangles [(c)
and (f)] in Fig. 4. The light gray, gray, and dark gray lines
represent the four QD levels with small, moderate, and large
spectral weights, respectively.
IV. FINAL REMARKS
Finally, it is helpful to comment on the observabil-
ity of these transport phenomena for negative charg-
ing energy. A conceivable realization might be to use
suspended carbon-nanotube devices, for which strong
electron-phonon coupling has already been observed [7].
The most favorable candidate to cause a negative U in
nanotubes is the longitudinal stretching mode with the
maximal dimensionless coupling λ ≡ Mεp ∼ 3/
√
L⊥[nm]
[20] and the phonon energy εp ∼ 0.11meVL[µm] [21], where L⊥
is the nanotube circumference and L the length. Using
L⊥ ∼ 1nm and L ∼ 100nm, we estimate the polaronic
energy shift as 2λ2εp ∼ 20meV, being of the same or-
der as or larger than typical Coulomb repulsion in nan-
otube QDs [22]. After realizing U < 0, transport spec-
troscopy measurements similar to the usual Coulomb-
blockade technique are enough to verify our predictions,
including the suppression of conductance at low biases,
the appearance of conductance plateaus for asymmetric
coupling, and the ratio of 3 for magnetic-split conduc-
tance peaks.
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